Abstract. We construct some families of quadratic fields whose class numbers are divisible by 3. The main tools used are a trinomial introduced by Kishi and a parametrization of Kishi and Miyake of a family of quadratic fields whose class numbers are divisible by 3. At the end we compute class number of these fields for some small values and verify our results.
Introduction
The ideal class group or more precisely the class number of number fields is one of the most fundamental and mysterious objects associated with the field extensions. Starting from Gauss, this area has attracted the attention of many researchers. It is well-known that there exist infinitely many quadratic fields each with class number divisible by a given integer g ≥ 2. In particular, Nagell [11] proved that there are infinitely many imaginary quadratic fields with class number divisible by a given integer g ≥ 2. On the other hand, for real quadratic field case, Honda [2] , Yamamoto [13] , Weinberger [12] and Ichimura [5] independently proved that there are infinitely many real quadratic fields each with class number divisible by a given integer g ≥ 2. In recent years, the study is concentrating on characterising such fields, i.e. each with class number divisible by a given integer g ≥ 2. In this direction, Kishi and Miyake [9] gave a parametrization of quadratic fields with class number divisible by 3 and this enabled enlargement of the list of families of quadratic fields with the divisibility properties. Chakraborty and Murty [1] , Kishi [6] , Hoque and Saikia [3] contributed some members to this list.
In this paper we provide some infinite, simply parametrized new families of quadratic fields with class number divisible by 3. More precisely, we show that under certain conditions on the integers a, b, m, n, p and r, the class numbers of the fields Q( 3(4m 3n − k 2 )), Q( −(m 2 n 2 ± 4n)/3), 4m 3 + 1) ), Q( 3(2m 3n − 1)) and Q( √ 1 − 2m 3 ) are divisible by 3. We begin by fixing some notations.
Notations: For a number field K, ∆ K and O K denote the discriminant and the ring of integers of K, respectively. We denote by N K/Q and T K/Q the norm and trace map of a number field K, respectively. For a non-square integer d, h(d) denotes the class number of Q( √ d). For a prime number p and an integer n, v p (n) denotes the greatest exponent µ of p such that p µ | n. For a polynomial f, S Q (f ) denotes the splitting field of f over Q.
Kishi's trinomial and class numbers of quadratic fields
We begin with some lemmas and then recall a criterion for an extension to be unramified. Finally, we construct some quadratic fields each with class number divisible by 3 using Kishi's trinomial.
Let
The trinomial f α (X) was introduced by Kishi in [7] . We recall the following result of Kishi [8] .
is reducible over Q if and only if α is a cube in K.
Let d( = 1, −3) be a square-free integer and
It is clear that the subset R d (respectively R D ) contains all those units in K which are not cubes in K (respectively in L). Further let,
) which is a cyclic cubic extension of K (resp. L) unramified outside 3 and contains a cubic subfield
The following result of Llorente and Nart ( [10] , Theorem 1) talks about ramification at the prime p = 3.
is irreducible over Q and that either v 3 (a) < 2 or v 3 (b) < 3 holds. Let θ be a root of g(X). Then 3 is totaly ramified in Q(θ)/Q if and only if one of the following conditions holds:
Now we can proceed to our first result. 
Thus the polynomial f α 1 (X) is irreducible over Z 2 and therefore it is irreducible over Q. Therefore by Lemma 2.1, α 1 is not a cube in L 1 and thus
too. Therefore by Lemma 2.2, S Q (f α 1 ) is a cyclic cubic extension of K 1 which is unramified outside 3.
Now we are left to show that S Q (f α 1 ) is unramified over K 1 at 3 too. The polynomial f α 1 (X) does not satisfy the condition (LN-1) as v 3 (1) = 0. Also f α 1 (X) does not satisfy the conditions (LN-2) and (LN-3) since m ≡ 0 (mod 3). Therefore by Lemma 2.3, S Q (f α 1 ) is unramified over K 1 at 3. Thus by Hilbert class field theory the class number of K 1 is divisible by 3.
Theorem 2.2. Let m ≡ 0 (mod 3) and n be any odd integers such that v 3 (n) = 1. Then the class number of Q( −(m 2 n 2 ± 4n)/3) is divisible by 3.
Proof. Let d 2 be the square-free part of −(m 2 n 2 ± 4n)/3 and
Thus again their gcd is 1.
We can now have the cubic polynomial corresponding to such an α 2 :
Thus the polynomial f α 2 (X) is irreducible over Z 2 and therefore it is irreducible over Q. Therefore by lemma 2.1, α 2 is not a cube in L 2 and thus α 2 ∈ R * D 2
. Therefore by Lemma 2.2, S Q (f α 2 ) is a cyclic cubic extension of K 2 unramified outside 3.
Now it remains to show that S Q (f α 2 ) is unramified over K 2 at 3. Since m ≡ 0 (mod 3) and v 3 (n) = 1, the polynomial f α 2 (X) does not satisfy the conditions (LN-1), (LN-2) and (LN-3). Therefore by Lemma 2.3, S Q (f α 2 ) is unramified over K 2 at 3 too. Thus by Hilbert class field theory the class number of K 2 is divisible by 3.
We now give an extension of a result proved by Hoque Proof. Let r = 4 and then d 3 ≡ 1 (mod 4). As before we set
The cubic polynomial corresponding to α 3 is:
Thus the polynomial f α 3 (X) is irreducible over Z 2 and therefore it is irreducible over Q. Therefore by Lemma 2.1, α 3 is not a cube in L 3 and hence α 3 ∈ R * D 3
. Thus by Lemma 2.2, S Q (f α 3 ) is a cyclic cubic extension of K 3 unramified outside 3.
We now claim that S Q (f α 3 ) is unramified over 
One can now complete the proof by a similar argument as in the previous case. Proof. Let d 4 be the square-free part of 3(a 3n −b 2n ) and
By the conditions (C3.1) and (C3.2), we have
Clearly the polynomial f α 4 (X) is irreducible over Z 5 and hence it is irreducible over Q too. Thus α 4 is not a cube in L Proof. Let d 5 be the sqaure-free part of 3(4a 3n −b 2n ) and
and the corresponding polynomial
The conditions (C3.4) and (C3.5) would imply f α 5 (X) ≡ X 3 − X − 1 (mod 2). Therefore f α 5 (X) is irreducible over Z 2 and thus it is irreducible over Q. Thus by Lemma 2.1, α 5 is not a cube in L 5 and hence It remains to prove that S Q (f α 5 ) is unramified over K 5 at 3 too. Clearly v 3 (b n ) > v 3 (3a n ) = 1 owing to (C3.4) and (C3.5) and thus f α 5 (X) does not satisfy the condition (LN-1) . Also 3 | b n due to (C3.5) and thus f α 5 (X) does not satisfy the conditions (LN-2) and (LN-3) . Therefore by Lemma 2.3, S Q (f α 5 ) is unramified over K 5 at 3. Thus by Hilbert class field theory the class number of K 5 is divisible by 3.
Some more families of quadratic fields
In this section, we shall use a result of Kishi and Miyake [9] for proving the first of the two theorems. Let us first recall Kishi-Miyake parametrization.
Lemma 3.1. Let u and v be two integers and Proof. We prove (I) and outline the proof of (II) as in most aspects these are very similar to the proof of (I). Let us put u = −1 and v = 3m in (3.1). Then
Clearly u and v are relatively prime, and
as m is odd. Thus f −1,3m (X) is irreducible over Z 2 and therefore it is irreducible over Q. Again uv = −3m ≡ 0 (mod 9) (as m ≡ 0 (mod 3)). Furthermore v − 1 = 3m − 1 ≡ −1 (mod 9) ≡ u (mod 9). Therefore 3 divides class number of Q( −3(4m 3 + 1)) by invoking Lemma 3.1.
Finally to prove (II), we put u = 2 and v = 3m n in (3.1). The irreduciblity of f 2,3m n (X) follows from the irreducibility of f 2,3m n (X) over Z 5 . The condition (KM-3) holds since the discriminant of f 2,3m n (X) is 144d with d = 3(2m 3n − 1) ≡ 3 (mod 4). Moreover we can show that the condition (b) of (KM-4) holds.
We conclude this section by providing another family of quadratic fields whose class number is divisible by 3 by actually producing an element of order 3. We may express the prime ideal decomposition of (α) as
because α is not divisible by any rational integers except ±1. Then N K/Q ((α)) = 2 p t j j with p j = N K/Q (P j ) and thus 3 | t j . Therefore
which is principal in O K . If I is an ideal class containing P j P t j /3 j , then the order of I is 3 if (P j P 
